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SUMMARY PAGE

S..,.'THE PROBLEM

In the formulation of lumped parameter models to predict the dynamic. response
of the human body such rigid body characteristics as constant mass, center of mass,
and moments of inertia are ascribed to anatomical segments. The subject of this

4............."report is a technique for direct measurement of the-e qunntlties.

FINDINGS
The measurement techniques ware performed on embalmed specimen human

heads and human head and necks. The mass distribution parameters as measured
are within five percent of the actual specimen value, but the specimens themselves
are changed considerably from the living state as a result of the embalming procedures.
RECOMMENDATIONS

.. • These measurement techniques can be successfully applied to anatomical segments
J#j• of Interest, but care should be taken to keep the specimen segment from deteriorating.
A :The most promising method of preservation at this time is the deep freezing of the

anatomical segment as soon as possible in order to stabilize the body fluids within the
segment.
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* ', .Measurement of Mass Distribution
Parameters of Anatomical Segments

. Edward B. Socker
Nuval Aerospace Medical Research Laboratory

SProcedures to determine the center of mass and the moments of inertia in three,•' .... ' ' " :dimensions of previously defined anatomical segments are presented, As an illus-

tration, these procedures are' applied to the human head and head-and-neck. The"•;"'•' • •: ..... : •results of measurements made on six human heads and three head-and-nocks are
presented und discussed,

IN THE FORMULATION of lumped parameter models to predict the dynamic
response of the human body, such rigid-body characteristics as constant mass,
center of mass, and moments of inertiq are ascribed to various anatomical seg-
ments, Since most of these segments are notoriously not rigid bodies, the best
rigid-body approximation for any particular response could be derived only from
an extensive study of that response. Even so, the mass distribution of a particular
body segment for the static case (that is, for motions so slight as to cause no
deformation of the soft tissues) can serve as an iinitial estimate of the best rigid-
body approximation of this segment for minre complex behavior.

The procedures outlined in this paper are discussed with respect to a particular
anatomical body, the human head, It is felt that the exhaustive treatment given
the problem of applying the subject measurement procedures to the human head
and the human head-and-neck will suflici-ntly illustrate the techniques for applica.

i•,' tion to other anatomical sections,
i. 'Any attempt to measure directly the rigid-body characteristics of the head and

of the head-and-neck must include a treatment of certain factors, such as,
1. The human head and head-and-neck have no definite physical demarcation.
2, Neither the head nor the head-and. neck is a rigid body,
3. The physical structure of thesa bodies varies from individual to individual,

obscuring the selection of anatomical landmarks with which to locate and align

thThe physial terucueo hsbdisvre rmidviult niiul

These factors are treated as follows:
I, The physical limits of the head and the head-and-neck are defined by the

same anatomical procedures as those used in Ref, I.
2. Two factors compromise the rigidity of the these bodies. Each is composed

ofjointed bodies, which can assume a number of positions, and each is composed
"of large amounts of soft tissue. These bodies are made to approximate rigid bodies
by selecting a single configuration (jaw shut and the cervical spine in a rigid but
uncontrolled set) and employing measuring procedures that minimize relative
motions of the soft tissues.

*,,3. The auditory meatuses and the orbital notches, which define Reade's plane,
are used to define a three-dimensional coordinate system (Fig, I) in which these
parameters are then located. In this manner, these mechanical characteristics Al
are fixed in the bony structure of the skull.

160
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pw The measuring procedures employed require that a further bargain with physical
reality be struck before any measurements are made. In order to make these
measurements, the head or the head-and-neck must be physically separated from
the rest of the body. Therefore, these procedures are performed upon cadaveric
material in hopes that a statistical evaluation of the information obtained will

M .relate these mechanical parameters to such measurements as may be made on
living subjects.

Since the subjects on which these measurements were made were prepared at
Tulane University for measurements of these parameters in two dimensions (that
is, the location of the center of mass in the midsagittal plane and the moment of
inertia about an axis perpendicular to this plane), this study will be concerned
primarily with the procedures and mathematics necessary to obtain the complete
center of mass vector and moment of inertia tensor, The anatomical preparation,
the ages, and the histories (f the subjects are reported in Ref. I,

These measurement procedures are designed to maximize operational simplicity
and redundancy at the expense of computational complexity, In this manner,
procedural errors are minimized, while tranicription errors may he recognized
and eliminated during the data reduction without compromising the results,

The bulk of these procedures involve m~asurcments made on a single piece of
equipment, the stereotaxic jig. This jig is composed ofa David Kopf Industries
Model 1630 stereotaxic unit set into a tetrahedral frame. The frame is designed to
"facilitate those measurements necessary to obtain the center of mass and the

Sp., 2

I'I
VOft

O-ANATOWCAL LANDMARKS

Fig. I - Head-referenced coordinates
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1 162 E. B. BECKER

momrnt of inertia. The stereotaxic unit is designed to locate and secure the subject
within it.

Once obtained, the centcr of mass and the moment of inertia of the subject-jig
combination and the empty jig can be compared to yield the subject center of mass
and moment of inertia. Once the subject has been located within the jig, these
mechanical parameters can be transformed to anatomically based coordinates.

Procedures Apparatus

The apparatus can be separated into three groups by function: the subject pro-
cedurz- interface, (.he center of mass equipment, u nd the moment of inertia equip-
ment,

The subject procedure interface consists of the jig and a DK 1 1760 micro-
manipulator. Thejig (Fig. 2) is a specially adapted DKI Model 1630 stereotaxic
unit set into a tetrahedral frame, This stereota. le unit secures the subject by meatis
of two bars inserted into the auditory meatuses, -wo more bars placed on the
inferior orbital ridges o,,er the orbital notches, and a fifth bar placed under the
chin.

The tetrahedral frame is specially designed to contain the stereotaxic unit and to
facilitate the functions of the two other equipment groups. It is built in the form
of a tetrahedron with projections at the vertexes and at the midpoints of each edge.

The micromanipulator is a multijointed arm designed to position probes, elec-
trodes, and the like. It is used as outlined in Appendix D to locate the auditory
meatuses and the notch on each of the inferior orbital ridges of a subject secured I
in the jig, The locations of these four points then yield the precise position and
alignment of the subject with respect to the jig, The center of mass equipment
consists of a single-arm balance calibrated to 0.02 lb.

PROJECTIONS

!i. SUBJECT

"VED. Sj
Fig. 2 - Stereotaxic unit and

VERTEX tetrahedral frame

'A
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By positioning the jig so that it if, supported by three of the edge-midpoint pro-

jections and resting one of the three projections on the balance, it is possible to
measure the load supported by that projection.

In autual fact, a problem intrudes here. For this particular equipment contigu-
ration, there is no stable equilibrium; the balance arm can never be leveled, but
will always be at some extreme limit, high or low, of its travel, An explanation of
this phenomenon is included in Appendix A, The measurement made is that
weight at which the balance.- pan moves from its highest to its lowest position, This
procedure introduces defioite errors into the measurements, but these errors negate
each other in the data reduction,

There are four different positions in which the jig may be placed so that it is
supported by three of the edge-midpoint projections, yielding a total of 12 mca-
surements that can be made. These 12 measurements then yield the three.
dimensional position of the e.g. of the jig.

The moment of inertia equipment consists of three wires, whose ends may be
looped about three of the jig's projections suspending it in the manner ofa trifilar
pendulum, and the timing equipment. The tinting equipment is composed ofa
500 W slide projector, a mirror, a photosensitive trigger, and a countertimer, The
projector beam, trimmed by placing a razor in the slide receptacle, reflects from amirror attached to the jig, antd s focused onto the photosensitive trigger, This
trigger is placed as near the projector as possible so that while rotational motion
of the jig sweeps the beam across the trigger, translational motion produces no
discernible beam displacement, This trigger then activates the countertimer, per- A
mitting accurate measurement of the rotational period of the jig.

There arc four difl'erentt orientations in which the jig tttay be suspended by three
"vertex projections, and six more orientations in which the jig may be suspended by
two virtex projections and thc edge-midpoint projection between the two unused

'1 ' "!

.A
v,3,

AW

Fig. 3 - Moment of inertia procedures
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vert'.xes, as shown in Fig. 3. The rotational periods of the trifilar pendulunms
formed by hanging the jig in these 10 different orientations are measured. and
these 10 measurements yield the full three-dimensional inertia tenso'.

Mathematics

Most of this section is devoted to describing transformation,, between four
separate coordinate systems. The first of these coordinate systems, shown in
Fig. I, is the one fixed in the bony structure of the human skall,

Four anatomical landmarks, the right and left auditory meatuses and the
"notches on the right and left inferior orbital ridges, locate the head coordinateti.
uting the algorithms in Appendix C, The X-Y plane is Cte plane that passes
through the midpoints of the lines connecting the two e~uditory meatuses, th' two
orbital notches.,, the right auditory meatuses and the r~ght orbital notch, and the
left auditory meatus to the left orbital notch,

Proof that these four points are coplanar is provided in Appendix B, The first
of these midpoints is the origin, This point and the second midpoint locate the
X-axis, The Y-axis is parallel to a line through the third and the last of these mid-
points, The X-axis is positive in the forward-ft.cing direction, the Y-axis is positive

4 on the left side, and theZ-axis, defined by .i x YP, is positive through the top of the
skull,

The second of these coordinate system%~ ij located in the jig hardware. This sys-
tem is chosen for its rough alignment witt) the coordinate system of a subject
secured within it, and is described in ternis ofethe subject, The origin is the vertex
behind and to the right of the right ear, The Y-axis is along the edge connecting
the origin to the vertex behind and to the left of the le.-ft ear, The X-axis is parallel
to the line connecting the midpoint of the Y-axis edge to the midpoint of the edge
on the opposite side of the tetrahedron, This edge is the only one of the live re-
maining edges with which the Y-a',is edge has no direct contact, This particular
edge is also parallel to the Z-axis Positive direotions are head left, up, and facing,
respectively.

The remaining two coordimte systems are fixed in the procedures. The .k -
plane in the e.g. procedures i, the plane thrcrugh the points on which the jig's three
supporting projections rest. The origin is the point of contact between the pro- ;
jection whose loadiuig is being measured irnd the balance pan. The .. axis passes
through the origin and is perpendicular wo the line through the other two contact
points. The I-axis is positive upward and parallel to the gravity vector,

The . - plane in tie moment of inertia procedures passes through the loops
at the ends of the threr. wires, The 24-axis is positive upward and parallel to the
gravity vector. Takitg one of these loops as the origin, the P-axis is positive
through the next loop going clockwise (looking down). The X-axis is defined by

In performing '. complete set of measurements, the subject assumes one orienta-
tion relative to the jig. The jig assumcs 12 orientations to the e.g. procedures and
10 orientations to the motnenz of inertia procedures, each of these 22 procedurai
orientations being as'uined twice.

The orientation of the head relative to the jig is defined b) a cosine matrix and a
vector

H ''I

br31l it b
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The 22 orientations of the jig to the procedures are also defined by cosine 6
matrixes and displacement vectors.

In the c.g. procedures, the theoretical load supported by the projection is

Wtheoretical = Wtotal _l- (2)

* i where:.

X = R position of jig c.g. in procedural coordinate system
length of line from projection perpendicular to line connecting other
two projections

X, is the same for all 12 orientations, but X,,.. is given by

whee:Xcg procedures [ 1 n23]Y, 8 + b1l, (3)

orientation
Combining these two equations gives a relation in the form

IV; th-,oretical
ti ortial C•, ,X..j ig + ( Y2n , .•g.jig + C3i Z c..gjig + C4. (4)

W total

where:

i(7)

.; I Jb: X , (8)

X,

Since C - C4 can be calculated from the geometry of the system, each possible
location of the e.g. can be made to yield theoretical values for the 12 measure-
ments, The e.g. is selected from these possible locations by comparing thesc
theoretical values to the actual measured loads using a least-squares criterion.

LI Q (*3, (9)

4.g Sym. \\ 2c,

....
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Since 121 112, 131 11- 12 1~- 32. T~tis equation can be combined with the

equation for the period to yvild

I~gl + ('111112 + C3,h13 + ('0g 122 + (5M12.1 + (~'61.1.113

where e,~ 06 c6 are functions of the system geometry and the location of thee~g.
A least-squares solution is complicated by the fact that T, is the quantity

measured while T' is the quantity mobilized in these equations. However, taking

advantage of
(T 2 theoretical 7 T2 measured )2 

=(T, theoretical - T7, measured)'
('I', theoretical + T', measured) 2 4

~-(TI, theoretical - TI, measured) 4 T', measured
and minimizing the term

(7,2theoretical -T~ measured) 2/47'2 measured

yields (14)

7ý, Tc,,c2 ,

1122

123

U¾.1d L~ - (15)I

V'
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The results of the least-squares procedures for both the c..g. vector and the
moment of inertia tensor can then be used to calculate theoretical values for each
of the quantities measured. Cor.-.=zpring these will show which measurements, if
any, involve proLcedural or transcriptive errors,

These measurements are then eliminated from the summations in a second ap-
plication of the least-squares procedures.

Once these procedures have yielded the inertia tensor and the e.g. vector for
the empty jig and for the subject jig combination, all that remains is to extract
these quantities for the subject alone,

The subject e.g. is given by

% , x,.=, = '• w x .,.j - w• •l(16)

Ssimilarly

The subject inertia tensor is given by

1•, - /=• -l~u+ • (w'1(ye.,.=• + z,:.g,.•,J) 2,,Y.~, ==z)

-wj(yV.g.2J + Z':.S./ l(7

- ~w••.. Y.J) (178)

and so on.
subject coordinates as follows:

T'' her values areeprsedi the jigns coordinatepa systems and are trnfrmdt
LCa Li ARa 2b

cedure subject crbe i jig bp3
T rs llof t din eri a \o cJ woordinuates d

I['-1siubject = LIJI 7.,IisljigltiJ] (20)

where icjand bl an c the transformation parameters in Eq. 1.

Calibration

A number of small weights were attached to the jig to simulate a body of known
c.g. and moment of inertia. These quantities were then measured using the pro-
cedures described in this paper.

The results of the moment of inertia procedures were then used to determine
empirically an operational value for p the length of the wires in the trililar
pendulum.

The e.g. of the weight-jig system and of the empty jig was calculated, and the
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e.g. was used to calculate theoretical values for the weights measured at the projec-tions. As expected, these theoretical values differed in a uniform manner from the

"measured quantities, The uniformity of the difference and the symmetry of the
experiments lead one to believe that these errors are self-canceling,

Similarly, the moomcnt of inertia tensors of these systems were calculated and
then used to calculate theoretical periods of oscillation. These theoretical values
also differed in a uniform manner from the measured quantities,

The reason for this difference is caught up in the mechanics of the jig hangings.
There is a slight difterence in the geometry when the jig is hung from the projec-

fto tions of three vertexes its opposed to when it is hung from projections of two
vertexes and an edge-midpoint.

Although the measurements performed on the series ol weights were used to
calibrate the device, since only a single calibration constant was sought, tile re-
suits of these measurements indicate the workability of the method,

The position of the c~g, determined by the measurements, wats displaced about
1/2 cm from its true location, Since tile mass or the subjects For which this ap-
proach is intended is on the order of three times greater than the mass involved
here, one would expect that the positions of the c,g, as calculated would be within
2 mml of their true positions.

The moment or inertia of the series or weights can be visualized as a perfect
sphere. The calculated moment oflinertia is then a sphere so slightly deformed that
its smallest and lutgest diameters are each within Io of the true value,

Results

The procedures were applied to nine subjects, six heads, and three head-and-
necks at Tulane Medical School during October 5 23, 197 1. The following men-
sureencnts were made for each subject:

I, Subject weight,
2, Locations of right and left auditory meatuses in the jig.
3, Locations of right and left orbital notches in the jig.
4. Location of'anterior nasal spine in the jig.
5. Weight distribution or projectiotis for i•ubject-jig system.
6, Weight distribution to projections for empty jig.
7. Periods or rotational oscillation tar subject-jig system,
8. Periods of rotational oscillation for empty jig.
T'hese were input to a computer program embodying the mani 4ulations devel-

oped in the mathematics section to solve tor:
I. TFile e.g. vector.
2, The MnOtTtit of' inertia tensor,
3. The principal moments,
4. The alignments of these moments.
The value oa the measuremnents taken on the six heads and the three head-and-

necks is questionable, I he weights oatihe heiads dropped as much as 25",, front the
time the anatomnical sections were mladC to thle titmtheatithe measurements. This
weight loss is due largely to dehydration in that even though the subjects were im-
mersed in liquid precrvat,ve, the tissues lost their Iluids and became leathery,

Although this dehydration could not be expected to affect all tissues uniformly,
mas•sless parameters of the subject mass distribution would be less altered and
thus more reliable indicators ot the actual in vivo situation than those involving
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mass, For example, the e.g, vector would probably be more reliable than the
weight. The alignments of the principal moments of inertia would probably be
more reliable than the values of those principal moments,

For this reason, there are tabulated, along with the principal moments of each
subject, the lengths of the semiaxes o1'an ellipsoidal body of uniform density hay-
ing the same mass and monments of inertia. These parameters are similar but not
identical to the radius of gyration often calculated for bodies in rotation about a
single axis.

The data for each subject include the three-by-three moment of inertia tensor,
the three components ofthe c.g. vector, a iection cosine matrix composed of'
three row vectors of the principal axes of the moment of inertia tensor, the three
principal moments, and the three semiaxes (Fig, 4).

Although the sample size in each case is too small to validate statistically ainy
strong conclusions, the results indicate the following: M

1. The data on head 3152 tire anomalous.
2. The human head and head-and-neck are roughly symmetrical about the mid-

sagittal plane.
* 3. The anatomical teference points used to locate the head-referenced coordi-

nates are sullIciently indicative of the mass distribution of the head and head-and-

~fr Z

F

4 CMIA

DATA FOR - ~ DATA FOR

5 HEADS .6 ~ HEAD AM NECKS

*~CENTER OF GRAVITY
N-AVERApjD C.G.
4- ALIGNMENT- DRAWN T HROUJGH

ORIGiN
- NERAGED ALIGNMENT

0 1 HEAD NOT To SCALE

IN ~Fig. 5 - Alignments of 1,, principal axis and c.g. in head-referenced X-Z (midsaggital)I

~ . *~*~~* *****plane~*~**~
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F . neck that when these data are described in terms of these coordinates, there is a
noticeable correlation between subjects. This is illustrated in Fig. 5, which shows
the e.g. and the alignments of the z principal moment in the mldsagittal plane.

In the future, lead cells will be substituted for the scale in the e.g. procedures

affording accurate load distributions. A new hanging arrangement will be used in

the moment of inertia procedures allowing a i: *:ch more accurate determination
of the geometries. These updated procedures will then be applied to as many sub-

W ", - .. . .. a s p o ssib le .. ', : •,:. . , :

The problem of weight losses in the cadaveric material, while probably not in-
surmountable, is probably so dependent upon embalming techniques that the only
workable solution would be to insist on the remains of the recently departed,

These procedures can be readily adapted to other anatomical segments. The
ci, 'tetrahedral jig can be built to the largest scale necessary without any radical

changes in its structure, Once suitable devices to hold the subject scment within
the jig are fabricated, and the measurements an algorhmsreacesryt o locate

. of a three-dimensional coordinate system within that segment formulated, all that
remains is to apply the two sets of procedures given here to determine the o vec-

' .. torkand the molent of Inertia tonsor.

Nomenclature

b, - nth component of vector displacement
C.s, cm - , .th constant in many equations (second subscript indicates system

orientation)
g -acceleration due to gravity (positive down)

N "" ,, - direction cosine between nth coordinate in one system and rnth coordi-
nate in another

In - system mass
p - length of pendulum wirestip. 7' - rotational period

*¾w - weight
Sx, y, z - Cartesian coordinates

"- coordinates, oriontatins, or entries in equation
- Centier of gravity

jig, weJ - jig
"s, head - subject

F,, -j subject-jig combination
x - operator for vector cross-product
T- matrix transpose
A ^ unit vector
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h The dynamic equation of a balance scale (Fig, A-I1) is

V. 1ý + bý+ (Ai +A2 ) do + (f22 -'1 ) -0
(A-I1)

where:

I - system inertia
b - system damping

2- weight being measured

-calibrated weight used in measuremnent

once scale f 2 f. I

C.G.

/ ~-hi- 7
-- h2- f2

Fi.A- Po

jeto loadings~~aao~a~a~~ ,,
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d, the offset of the pivot from the lever arm, guarantees that the arm will oscil-
late to a stable equiiibrium at -0 whenever, 2 - J

However, in the case of the c.g. procedures (Fig. A-2),f 2 is not constant with 0

A- fill(hl + h30)/h2
Oh2 - - 24

d << h11h2 1h3  (A-2)

This means that for small oscillations, the dynamic equation oi the scttle is

-(finlk 3 Li/hi f, d A- ih IO / 2 )'0

+01 (it/ I 3 /tl2 /it' 0 (A-3)

Since the term for 0 in this equ~ation is negative, the balance armi has no stable
position and will always move toward one of'its limits.

As ain alternative, the test setup wats arranged so that the jig wats level when the
balance pan wats ait Its higher limit and the balance arm, consequently, ait its,
lower limit, The reading ait which this arrangement Is no longer stable is equal
to the load on the balance pan times siomec constant fixed In the scale geometry,
This constant is%

]i reading J' Li J' + td ~A A4
12 ~ ~ 121 L 2dA\

where:
A - angle of balance arm ait its lower limit
This small err-or is farther alleviated by the least-squares solution to 12 measure-

., . ments distributed symmetrically about the jig.

Nome~nclature -
I - system Inertia

~'b - system damping
d1 - offset of balance armn from its pivot

- angular position of haltince arm
S- weight being measured

- calibrated counterweight
Il £2 - lengths of balance lever arms

11 - angulair Position Ofjig
hIt It2.,I - lengths iin jig geometry

-differen~tiation with respect to time

- double differentiat ion with respect to timec
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Appendix 8

Given four points in three-dimensional space: (X' 1 I IY , Z I), . .(X4, Y4, Z4 ).
jThe midpoint of it line joining any pair of these points is given by

A'11  (XI, + A,)/2.

similarly (.

where plJ is the midpoint of' the line joining point p, to point pp. Applying these
'. equations, one can determine pI2, P23, P341 P41,

Yll- A further application yields the midpoilits of the lines joining P 1 to) P14 and
P41 to p23, a nd t hese minidpo intis a re i den ical1, bein g

(A'1 + A'2 + X3 + X/4)1

etc. (B-2)
etc,

Thus, these two lines intersect so that P12, P23. pA, and p41 must be coplanar,

Appendix C

The values for L~ and b, are computed f'rom the X', Y. and Z position.% of the
fou r anatomiceal landmarks as measured in the jig coordinates.

Let (X'1, YV1 ZI and (X'2, Y2 , Z2) be the jig-referenced positions of the right and
left auditory meatuses, respectively, and (X'1, Yj, /3) a nd (X'4, YO./4 are thejig-
referenced positions of'the right and left orbital notches,

" 611,1.Then

bI- (XI1 + X 2)12
b2 - (YI + Y2)/2

b3- (Z + 72)12 (C- 1)

and

&I= (V3 + X'4  XI -' X2/-

11-(Y 3 + Y4 Y1 - Y (
-(ZI + Z4 - I - /2)/a (C-2)

where:

a I(X 3 + X4-AX1 X2)' + YJ V4  V4YI- Y2)2

+ (/3 + Z4 ZI~ - Z2)21112

(( 21(Z2 + Z4  Z3 ZI) + L,%(Y. + Y'3 - YI- Y0110~
123 - 131(A'2 + X'4  X1 X.0- '3 + 1i (Zi + Z.1 2 1 4)1i/0

31 'II( V2 + Y4  Y, Y V1) + i 21(A', + X., X A2  XA4)1111 (C-3)

iyi*
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where:

Vi- [1121(Z.. + Z 4 - Z- Z) + t'(Y1 i + Y3 - Y- Y4 )

+ [L3 1(X 2 + X4"- XA1  X3) + t11(ZI + Z 3 - Z2 - Z4)1'

+ 11l1(Y2 + Y4 - Y O- Y. + 12 0(X1 + X 3 - -'2 - X4)12]1/2 (C-4)

I and .

•,• ~112 - 123t•1 -- ,21/.33

f•,, • ' ' ' ..... .w heret

X, Y", Z,, - three components of position oi point n in jig
.. ,. • . whbre - nth component of position of origin of head coordinates•i• itm -• direction cosine of align ment of nth jig coordinate to ru th head

i;•'•coordinate

a#: - quantities calculated in development for normalizing directionS. ~cosine but ot'no permanent interest

•i Appentx D

The X Y Z positions of the four anatomical landmarks in thejig coordinate
"system are obtained with the DKi 1760 micromnanipulator (Fig, D-I), This highly '
llexible device has five measurements to be read for each setting ttd can be used
in four different configurations,

It is composed ofta base designed to attach t) either othe two calibrated bars
that make up the bulk of the DKI stereotaxic unit, The base can be moved along
"the length of these bars and is verniered to give its position on the bar to tenths of

II

Fig. D-1 - DKI 1760 mlcromanlpu-
lator

- • • • , , ,:! ... . . ...... .. ...... . .... . .. . ... i• ••
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millimetres. The base also provides angular adjustment and readout in two planes
to a socket in which fits the other major componeot of the micromanipulator.
This component is a pair of arms of variable and readable length set perpendicular
to each other. The end of the first of these arms is set in any of tour ways into the
socket in the base of the manipulator. A pointer is attached to the end of the
second arm.

The position of the end of the pointer relatiwv to the end of the second arm is
given by

IC2'

C3 (D-1)

* to the socket end of the first arm

+ J
yi 111 c CS- X.;

LC LX2K (D-2)

where X 2 and X3 are the readings from the first and second arms, respectively,
The position with respect to the socket is then

An -B,, F;'- + C'4
B, An, 0 .'2 + ('S X.1
0 0 1 .1 + G, + -X2  (1-3)

',, where ,n and 8,, are determined by the orientation of the arms to the base,

Orientation A n,
SII 0

2 0 -0
"3 -I 0
4 0

To the front edge of the bahe

COSO, C05 ',b -Sinl 0 O 1 i c so in 0] A, -" 0 1K + C4 1
,sin , cos 0 2  cos 0 sin l1 sinll 2  B, A, 0 2 + C.-

-sin 02 0 Cos 2  _ 0 0 1 [c 6 + A'-

(D-4)

.• . ... ......



E.~~ ~ ~ B.BEC.

178 L.BCiR

where and 02 are the angular readings at the first and second pivots.

in the jig coordinates for the bar on the rigbk,

LiSO the O b .the... AC + Xa

0 ~C 2 + C'5 - 3 + c

Lo o iL~i C3 + C6 + X5~~

For the bar on the right,

11 X, C

For the bar on the rieft:

where:

C,'n lengths encountered in systemn hardware
x, reading giving position of' manipulator on jig
x reading taken on first arm

.6 reading taken on second arm
01-angular position about first pivot

(h2 = angular position about second pivot

A,,,B,, = onstantts dctermined by system configuration

(ý C, tire constants determ inted by the hardware.A ' V r h

readings f'or the manipulator in order f'rom the bast! to thý pointer.

5";

...................... ........1. 4
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Appendix E

I i•The moment of inertia procedures involve measurements of the dynamic be-
,, havior of a trifilar pendulum, A trifilar pendulum consists of a rigid body sus-

pended by three wires of equal length attached to congruent points in the body
and in a plane fixed perpendicular to gravity.

"A complete statement of just the kinematics of such a system would be quite -
complex and is beyond the scope of this paper. However, the kinematics for small
transverse and rotational displacements from the equilibrium position can be ap-
proximated in the following manner.

Assume a rigid body suspended by three wires, Each of length Pattached to
congruent points in the body A, B, and C and a plane fixed perpendicular lo
gravity, The equilibrium position then has the plane of'A, B, and C parallel to the
fixed plane and each of the three wires parallel to the gravity vector if the per-

0 pendicular from the c~g. to the plane A, B, C passes through the triangle A B C.r If the wires are not permitted to go slack, this system has three degrees of
freedom. The position and orientvion of the body in space for small displace-
tments (Fig, E- I) from the equilibrium condition can be described as functions of

V11,, the displacement f the body in a plane perpendicular to gravity and rotation
",,' aabout an axis parallel to gravity,

Assume a right-handed coordinate system located in the body with the origin
at A, the Y-axis passing through B, and the XY plane including C such that X is

Ipositive toward C,
Assume a similar coordinate system located in the laboratory such that the lab

and body coordinates overlap perfectly when the body is in its equilibrium
position,

Given small displacements of the body relative to the lab in .x andy and small
rotations { about the body z-axis, the displacement of A, B, and C in the lab

' P1

Pt

I,7 'I

4 PT•P)d j!i¢
1-d-
d'pA P )d

Fig, E-1 -Vertical motion for z d -
small displacements

, I

.Y I?\'I I *:~-vU . ., r ~ '
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x-y plane are

d (x- + B~

the figuredilaeet(E)

Z'4- (E-2)

c~g. aieithrly

Rotation ~ ~ abu th- xsi

of z. + Z ý

ob iplcmnt t theg.ain theequn tteintrsoxyqadth

9~. p

-O.9 y ±j' 4X -- E- Sc
2

01 YYS 2 1'
2p 2p

71,2 +'i XI+ '
IC.] ( Y- Y)

Y2.4

+ ' -4 4 8. C -Z- O
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or

0- C102 A 2 ~

3,' 02: C30' + C24?Y ~
9..-X + C44? + CSOk + C0

os.- y + C70 + C80 + C6 ox
C 9[X2 + y2 l + C02+ CHO4X + C12 0?Y (E-7)

where c,--c,2 are all constants in the system geometry, T

+a I 2 -

2p X

4- A

C62 -+(E8

Th yamceutin ortesstmcn o edeeoedfo amlo'

Cto C.. YB Y 4- Xng -zB (

2p [Y xI

S~ C11
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forming the integral

f (TE - v)dt

and applying the variational calculus yields

i,.t . + So. 0yc.g. + •__ + ,,#1 + •,,0, + 112• 2
Ox Ox a x Ox Ox

0()22d + 1 OI3 + '0'i

.. .. + mg •Ox Ox Ox

aOx

O . + Oy.- , + O, .] + itt, "-•-" + /t• + l2j

'l;'L:LM 
+ Ln.•• v

I + g + , 1 2 1b + 01 2U 2
OYe yOy Py OY

[ o.,.o,, oy., + , _O0,+ , , + 124 202

'•" t °' -, •'' • + '•'' '*• + 12202 o -23 , +----,
O00 Ok

Ib,2 2 +•12+ tg - 0 (E-lO)

7 Substituting from the kinematic equations,

i + g- JJe,+ + (2eYx + 1
3 ý

- [R, [2 +g + ()112+ 1 01

in [(es + 2c 36 + ,.6Y•.., + (c7 + 2c•k + ,(6 x).$k1 .

+ (2C 10 kb + clix + C~ )•I.

+ (Itt~t + 1126l2 + Il3•;l[2c 1¢) - caxl

+ 112202• + 1120'1 + 123•l][2c 3 rb + c2Y]

+ 1•33 + 11301 + 12302 + mtg[2elO~b + c'1 1x + C12Y1 - 0 (E-lII)

"" i

+hI~ i .Aa~.S,,J.a~~...i,,f
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, Since all the displacement terms are small, products of these terms are insignift-
cant. Eliminating these from the dynamic equations yie~lds

MR'.+ mg(2cgx + ce11 61 - 0
MY..+ "1g[2cgy + c12201 - 0

.C01Pnx.$ + C7MY*lYl, + 13ý+ 113t11 + 123#2

~ 2..,+ rngL2c10o + CIIX + C12Y) - 0 (E- 12)

.k I And from the kinematic equations

01 t- 0

82 !, = Y
.4,Xcl. ný X + C*40

.4 cg y +Ci4 (E- 13)

Taking advantage of

2 cyx + el 1 o I X + C4 01 Xe.,3  ,.p

209y + C12'k - Y + ('70- Y1 g

L4C1 L

Gives

~'4.4 ~.. I ~+ ,~Xg"g, 0

'r~ 5 + In y 1,-0P

+ i C4  1 '13'15
+ ' R2~ L7) + L e.,]-

Which reduce to

0

E+ X4  La 0Y

p..- 2 Y2 0 (E-16

fiti
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The equations in x, and y,, describe the motion of a simple pendulum of'•)' ~length p. The equation in 0 is lso a simple second-order equation completely .

4uncoupled from the two transverse oscillations,
I•' 6 (1) is a sine wave of period

7' ý-3 2w (E- 17)
nig

where c is a function of thesystem geometry

c = [Y, Ys + XA,. Xc' + X, - A' - -V
2  j2

(E- 18)

This period is the quantity measured in the moment of inertia procedures,

IUh.Nomenclature - .4
p - lengths of pendulum wires

A.4 A, C - points fixed in body geometry
- rotation about body z-axis

01 - rotation about body x-axis
02 - rotation about body y-axis

4.A - vector displacement in lab of point a

Z, - x and y components of that displacement
e.= constants in system geometry

TE - kinetic coenergyM - system mass ,{
i. .components of moment of inertia tensor :

J"v . potential energy ,
g t acceleration due to gravity (positive down)
I ,, time

tt2 - limits ofintegral
.- single and double differentiation with respect to time

.f-...partial differentiation with respect to4i04

c~g, - center of gravity
T = rotational period

.'-'' 4 . 4'. S '', 1 4,' 4 ,.-. :',4 . . 4. . ... ~ 4 4' : 4.,J.,,S&444,,-44144,, J1aa•7 -• t ,t• ••t t:• •¢: .` `•P!•
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Appendix IF

T'he computer program (Figs. F- I and F-2) was written for the Univac 1108
. . I computer at the NASA facility in Slidell, Louisgiana, No attempt was made at

I programming or formating elegance.

(ujt-Jig Calculations)
-PHIMAS- (og. calculation)
-- ROTIN-(z. calculation)

(Empty Jig Calculations)

-PHIMAS
-ROTIN
(Subject Calculations)

-HMNT 11otan dta orsubject location gram

-HDIR- calclat subsctlocation and

Wl. o th subectcoordinates)
~-V I OLE-(calculate subictpa aomndtsiO..oip

V ~READ PROTATIONALOPERIOGS

r (set up matrix)

LPHIN(systim geometry)

AXB(bock calculate protactionalopediods)

roti proramRETURN

ROI

3'DRTAINL EID
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i 'I.In equation 17, however, the calculated jig and subject-jig centers of gravity are
employed to calculate the subject moments of Inertia-

Fram equation 17

4z r 4- r x
LL 5  L L~J 31 R ea 3J

-W x

Let W /W X

Taking the worst case vector errors in the subject-jig and jig c.g. locations as

parallel to the line connecting these two points yields the worst case error In I I

A ~u 2 AW (2 X +1) X (X ~ '4

The second largest sourc-s of error (the largest arising frrm the deterioration of the :
specimens) then, is that arising from the errors In the measurements of the projection
loading%.

Taking the accuracy of l *h projection l oadings as .02 pounds, the specimen
weight as about 8 pounds, and the ratio of the specimen weight to the jig weight
as 3, yields as the worst possible error far the subject e.g.

AA X .64 cm

and since

(X -X )< 1'5 cm
K02 1J KCO

the worst possible error for tho subject moment of Inertia-

.40 -04 KG- M
which Is less than 4% of on) of the principal moments encountered in the specimens.

A -2


